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ABSTRACT 
In this report we will study the period of a certain operator defined 
on antichains in a partially ordered set. 
0. INTRODUCTION 
If (X,~) is a partially ordered set, then define for each Ac X: 
At= {x EX 3a E A: a ~ x}, 
Ac= {x EX xi A}, 
Amax= {a EA I Vb EA: b ~a • b = a}, 
Set A(X) = the set of antichains in X (order-free subsets of X), and for 
each A E A(x): F(A) = Atcmax. 
Then one can easily see: Fis a bijection of A(X) onto A(X), and for 
each A E A(X) there exists a k > 0 so that Fk(A) = A. 
Motivated by an abtmdance of examples we conjectured that, if Xis 
a Boolean algebra with 2n elements, for each antichain A E A(X) the relation 
n+2 
F (A)= A would be valid. This conjecture turned out to be wrong. However, 
the following can be proved: 
I. If n ~ 4 and Xis a Boolean-algebra with 2n elements, then for each 
A E A(x): Fn+2 (A) = A. 
2. For each n EN the following propositions are equivalent: 
a. If X is a Boolean algebra with 2n elements and A E A (X), then 
Fn+Z(A) = A; 
If t 1+l2+ ••• +lp = n, X = {O, .•• ,t 1} x ••• x {O, .•• ,l} (the cardinal 
n+2 p 
b. 
product of p chains) and A E A(X), then F (A)= A. 
3. If Xis the cardinal product of the 2 chains {O, ••. ,l} and {O, ... ,m} 
l+m+2 
and A E A(X), then F (A)= A. 
1. BASIC DEFINITION AND PROPERTIES 
In the sequel all sets (except J;/ and Z) are supposed to be finite. 
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If (X 1,s 1), ••• ,(Xn,sn) are p.o.sets (partially ordered sets) then the 
cardinal product (TT~ 1 X.,5) is the p.o.set TT~ 1 X. with order: 1= l. 1.= 1 
If n E :N then n is the totally ordered set {O, ••• ,n} with O 5 I 5 ••• 5n. 
A lattice L of dimension k is the product of k totally ordered sets. 
- -If L = n 1x .•. xnk then n 1+, •• +°k is called the length of L. 
If n EN, we identify the following p.o.sets: 
1. the power-set-algebra P(X), where Xis any set with !XI = n (ordered 
by inclusion), 
2. the Boolean algebra with 2n elements (as a lattice), 
n 3. then-cube {O,I} (with (x1, ••• ,xn) 5 (y1, ••• ,yn) <==> x 1sy1, ••• ,xnsyn). 
Each of these p.o.sets will be denoted by 2n. 
In particular: 2n is a lattice with dimension n and length n. 
If (X,s) is a p.o.set and Ac X, define 
At 
= {x E X 3a E A: a :,; x}, 
A+ 
= {x E X 3a E A: X:,; a}, 
Amax 
= {x E A Vy E A: y ~ x • y = x}, 
Amin 
= {x E A Vy E A: y s; x • y = x}, 
Ac= {x E X X ,/_ A}, 
A is an antichain if Vx,y EA: x s; y • x = y, 
A(X) is the set of antichains in X. 








Amax.max= Amax, Amin.min = Amin, 
A is antichain ++Amax= A++ Amin= A, 
A cc = A, 
Atmin = Amin, A+max = Amax, 
Amint = At, Amax+= A+, 
Ate+= Ate, A+ct = A+c. 
D 
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If (X, ~) is a p.o.set, define: F: A(X) + A(X) 
by F(A) = Atcmax for each A E A(X); 
and G: A(X) + A(X) 
by G(A) = A +cmin for each A E A(X). 
Propositions 1.2. F and Gare bijections from A(X) onto A(X) and F-I = G. 
Proof. For each A E A(X), F(G(A)) = A+cmintcmax = A+ctcmax = A+ccmax = 
A+max __ Amax . . 1 ( ( )) = = A, and similar y G FA = A. • 
n · c n If Ac 2 , define A-= {x E 2 I x' EA}. 
Proposition 1.3. If Ac 2° then 
1. A-~£ = A, 
2. Ac~ = A£_C , 
3. At_£ A£+. A+£ A';; t = = , 
4. Amin£ = A_£max Amax_£ = A9:.min. 
' 
Proof. obvious. D 
n for each A E A(2 ). 
Proposition 1.4. 
1. For each A E A(2n), H(A) = F(A)£ = G(A!:), 




F(A)£ = Atcmax_£ = H(A), 
G(A'?:.) = A9:.+cmin = At_£cmin = Atc9:.min = Atcmax_£ = 





(For definitions and notations of graph- and matroid-theory see R.J. 
Wilson, Introduction to graph theory, Oliver & Boyd, Edinburgh, 1972). 
a. If G = (V,E) is an undirected graph (Vis vertex-set and Eis edge-
set), IEI = n, P(E) = 2n and A= {Cc E I Ca circuit in G and C con-
tains no other circuit}, 
then: A€ A(P(E)), 
F(A) = {F c E IF is a spanning forest of G} E A(P(E)). 
and H(F(A)) = F2(A)~ ={Cc E I C is a cutset in G} E A(P(E)). 
b-. If X is a k-dimensional linear space over a finite field, !XI = n, 
n P(X) = 2 , and A= {L c XI Lis linear dependent in X and L contains 
no other linear dependent set}, 
then: A€ A(P(X)), 
F(A) = {B c X I Bis basis of X}, 
and F2(A) = {Y c X I Y is a (k-1)-dimensional subspace of X}. 
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c. If G = (V,E) is an undirected graph, IVI = n, P(V) = 2, and 
d. 
e. 
A= {{x,y} I (x,y) EE}, 
then: A€ A(P(V)), 
F(A) = {I c VI I is a maximal edge-independent set of 
vertices}, 
and H(A) ={Cc V I C is a minimal edge-covering set of vertices}. 
If (X,::::) is a p.o.set, IXI 
y $ x}' 
then: A€ A(P(X)), 
= n, P(X) n = 2 , and A= {{x,y} I x $ y and 
and F(A) ={Ac X A is a maximal chain in X}. 
If M = (X,B) is a matroid, IXI == n' P(X) = 2n 
' 
and Bis the collection 
of basis of M, 
then: B E A(P(X)), 
G(B) is the collection of circuits of M, 
and H(B) l.S the collection of co-circuits of M. 
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Our principal interest will be in the orbit of an antichain under re-
peated application of F. In the remainder of this section we show these 
orbits in a few cases, both in lattices and in general p.o.sets. 
f. If X = {a,b,c,d} 
g. 
h. 
and A= {{a,b},{a,c},{b,c,d}}, 
then A E A(P(X)), 
t A = {{a,b},{a,c},{a,b,c},{a,b,d},{a,c,d},{b,c,d} {a,b,c,d}}, 
tc A = {0,{a},{b},{c},{d},{a,d},{b,c},{b,d},{c,d}}, 
tcmax A .= F(A) = {{a,d},{b,c},{b,d},{c,d}}. 
F2 (A) = {{a,b},{a,c},{d}}, 
F3 (A) = {{a},{b,c}}, 
F4(A) = {{b,d},{c,d}}, 
F5 (A) = {{a,b,c},{a,d}}, 
and F6 (A) = {{a,b},{a,c},{b,c,d}} = A. 
If X = {a,b,c,d} 
and A= {Y C X I IYI = 2}, 
then F(A) = {Y C X I IYI = I}, 
F2(A) = { 0}' 
F3 (A) = 0, 
F4 (A) = {X}' 
F5 (A) = {Y C X IYI = 3}, 
F6 (A) {Y C X IYI = 2} = A. 
If X = {a,b,c}, 
and A = {{a,b},{a,c}}, 
then F(A) = {{a},{b,c}}, 
F2(A) = {{b},{c}}, 
F3 (A) = {{a}}' 
F4 (A) = {{b,c}}, 
F5 (A) = {{a,b},{a,c}} = A. 
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i. If X = {a 1, ••• ,an} and A= {{a1, ••• ,an}} = {X}, 
then F(A) = {all (n-1)-subsets of X}, 
Fn-l(A) = {all singletons in X}, 
Fn(A) = {0}, 
Fn+l(A) = 1/J, 
Fn+2 (A)· = {X} = A. 
j. If x = 3 x 3 
and A= {(1,2),(3,1)}, 
then F(A) = {(0,3),(2,1),(5,0)}, 
F2(A) = {(1,2),(4,0)}, 
F3(A) = {(0,3),(3,l)}, 
F4(A) = {(2,2),(5,0)}, 
F5 (A) = {(1,3),(4,1)}, 
F6 (A) = {(0,3),(3,2),(5,0)}, 
F7 (A) = {(2,2),(4,1)}, 
F8(A) = {(1,3),(3,1),(5,0)}, 
9 F (A)= {(0,3),(2,2),(4,0)}, 





k. If L = n1xn2x, •• x°k_, n1+ ••• +°k = N, 
and A= {(n 1, ••• ,°k)}, 
then F(A) = {(x 1, ••• ,~) I L~=l xi= N - 1}, 
FN-l(A) = {(x1,··•,~) \ I~=l xi= l}, 
N F (A)= {(0, ••• ,0)}, 
FN+l (A) = 12!, 
N+2 F (A) = { (n l , ••• , °k) } = A; 
2 
this orbit is called the principal orbit of the lattice. 
~ 
'-' 
3 4 5 
7 
In general, the principal orbit of a p.o.set is the orbit (under action 
of F) of the empty set. It is easily seen, that the principal orbit of a 
p.o.set, on which a height function can be defined, consists of those sets, 
that contain all elements of a given height, and has length H+2 if His the 
height of the p.o.set. 
As the following examples show, the length of an orbit other than the 








X = {a 1, ••• ,an,c,d,e} with a <a2< ••• <a <b<c<e;b<d<e l n 
C { d, d { c, 
A = {{c}}, 
F(A) = {{d}}, 
F2 (A) = { { c}} = A. 
k EN, k even, k ~ 8 and X = {l, ... ,k}, 3 
.t < l - l and f < f + l if ,f_ is even, 
\ 














and A {1,4}, k 2 4 6 8 
then F(A) = {2} u {.t I f_ odd, 7 s .ts k - l } ' 
F2 (A) = {5} u {l I f... even, 8 s f... ::;; k}, 
F3 (A) = {3,6}, 
i(A) = {5,8}, 
Fm(A) = {1,4} = A, if m = i k. 
(For k=6 we get, if A={l,4}, F5 (A) = A which is not a special case of the 
behaviour shown above). 
3. THE CONJECTURE 
Proposition 3.1. If (X,::;;) is a p.o.set and A E A(X), then there exists a 
k > 0 with Fk(A) = A. 
Proof. Fis a permutation of A(X). 0 
Examples f,g,h,i suggest the following 
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. . n ~2 ConJecture. If A E A(2) then F (A)= A. 
In fact one can prove 
Theorem 3.2. If n $ 4 and A E A(2n), then Fn+Z(A) = A. 
Proof. Check each antichain. D 
Theorem 3.3. If n EN and A= {2n} then F0+2(A) = A. 
Proof. See example i. D 
There exists a connection between the above conjecture and an ana~ 
logous one for lattices: 
Theorem 3.4. If n EN. then the following assertions are equivalent: 
(i) VA E A(2n): Fn+2 (A) = A (the conjecture for n), 
(ii) each lattice L with length n satisfies: VA E A(L): Fn+2(A) = A. 
Proof. (ii) • (i): 2° is a lattice with length n. 
(i) • (ii): Suppose L = n1x ... xi\c, with n1+ ••• +nk = n. 
Let x1, ••• ,~ be k pairwise disjoints sets with IXj I = nj 
(l$jSk), and set X = X1u ••• u~. 
n Now I XI = n and P(X) = 2 • 
Define¢: P(X) • L by 
HY)= (m 1, ••• ,m.) if Y c X and IY 1:1 X.I = m. (1$j$k). k . . J J 
Then it is easily seen that: 
(1) ¢ is· a function onto, 
(2) for each A E A(L) ¢- 1[A] E A(P(X)), and 
(3) for each A E A(L) ¢- 1[F(A)] = F(¢- 1[AJ). 
Therefore, if A E A(L), for each k E Z, ¢-l[Fk(A)] = Fk(¢-I[A]) 
-1 n+2 n+2 -1 . . 
and¢ [F (A)]= F (¢ [A]). But, by (i), since 
¢- 1[A] E A(P(X)), Fn+Z(¢- 1[A]) = ¢- 1[A], and so 
Fn+2(A) = ¢¢-l[Fn+2(A)] = ¢Fn+2(¢-l[AJ) = ¢¢-l[A]= A. 0 
Corollary 3.5. Each lattice L'with length n $ 4 satisfies: VA E A(L): 
Fn+Z(A) = A. 
Proof. Consequence of theorems 3.2 and 3.4. 0 
Remark. Example l shows that not each modular (general) lattice L with 
length n s 4 satisfies VA E A(L), Fn+2 (A) = A. 
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Corollary 3.5 gave a sufficient condition on the length of a lattice. 
The next theorem gives a sufficient condition on the dimension of a lattice. 
Theorem 3.6. Each lattice L with dimension 2 and length n satisfies: 
n+2 VA E A(L), F (A)= A. 
-
Proof. Suppose L = l x m, n = l + m and A E A(L). Define for each t E Z the 
sets X(t) cl and Y(t) cm, by 
X(t) = {x El 3y Em: (x,y) E Ft(A)} 
and 
Y(t) = {y E iii I 3x E 1..: (x,y) E Ft(A)}. 
The theorem will be proved by demonstrating the following facts: 
I. for each t E Z is Ft(A) completely determined by X(t) and Y(t), 
II. for each t E Z is X(t+n+2) = X(t) and Y(t+n+2) = Y(t). 
t+n+2 t n+2 Then, of course, for each t E z, F (A)= F (A) holds, and thus F (A)= A. 
t Proof of I: Vt E a': is IX(t) I = IY(t) I (if (x 1 ,y) and (x2 ,y) E F (A), then 
x1=x2)· 
Suppose X(t) = {x1, ••• ,~} with O~x1< ..• <~sl, 
and Y(t) = {y 1, ••• ,yk} with m~x 1> ••• >xk~O. 
Then Ft(A) = {(x1,y 1), ••. ,(~,yk)}, so Ft(A) is determined by 
X ( t) and Y ( t) • 
Proof ofII:We first prove: 
-VtE Z X(t+l) = {x El I x + E X(t)} u {l O d: Y(t)} 
and Y ( t + l ) = { y E iii I y + E Y ( t) } u { m O d: X ( t) }. ( *) 
For suppose x El and x + l E X(t). Then, by definition of 
t t t X(t), for some y (x+l,y) E F (A), so (x,y) d: F (A) , i.e. 
(x,y) E Ft(A)tc. Then there exists (u,v) E Ft(A)tcmax so that 
(x,y) s (u,v). But (x+l,y) E Ft(A), so x = u and 
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(x,v) e Ft(A)tcmax, hence x E X(t+l). If O i Y(t), then for all 
x El (x,O) i Ft(A) and consequently (l,O) i Ft(A)+, i.e. 
t tc . t tcmax (l,O) E F (A) • So there exists (u,v) E F (A) such that 
t tcmax (l,O) ~ (u,v). But then l = u and (l,v) E F (A) , thus 
l E X(t+l). 
Conversely (follows from the above by considering the re-
verse order on L): if x E X(t+l) and x I l then there exists 
t+l t+l + . y so that (x,y) € F (A), then (x+l,y) i F (A) , i.e. 
t+l +c t+I +cmin (x+l,y) E F (A) • Then for some (u,v) E F (A) 
t+l (u,vJ ~ (x+l,y). But (x,y) E F (A), sou= x + I and 
(x+I,v) € Ft+l(A/cmin, hence x + 1 E X(t). Finally, if 
l E X(t+I), then for some y, (l,y) E Ft+l(A), so (l,O) E Ft+l(A)+ 
and (l,O) i Ft+l(A)+c. Thus Vx € l (x,O) i Ft+l(A)+cmin = 
= GFt+l(A) = Ft(A), i.e. 0 ( X(t). This proves (*). 
The proof of II is then as follows:for each t € Z 
x € X(t) _. 0 € X(t+x).,.. m ( Y(t+x+l)..,. 0 4 Y(t+x+l+m).,.. 
l € X(t+x+l+m+l) _. x € X(t+x+l+m+l+(l-x)) = X(t+l+m+2) = X(t+n+2). 
Similarly: y € Y(t).,.. y € Y(t+n+2). 0 
Finally we prove the following 
Theorem 3.7. The aonjeature is false. 




F(A) = {{a,c},{b,d},{c,e},{d,a},{e,b}}, 
2 F (A)= {{a,b},{b,c},{c,d},{d,e},{e,a}} 
F7 (A) = F(A) I A. 0 
4. SOME NUMERICAL RESULTS 
= A, 
For n ~ 5 the integers which occur as the period of the F-operator on 
antichains in 2n are completely known. 










periods occurrin in 2n 
2 and 4 
5 
2,3 and 6 








1026, l 032 
I 1 
For n = 5 and n = 6 the period n + 2 1s by far the most frequent 
one. 
Below the output of a conversational program on the PDP8/I computer 
is reproduced. Input is the value of n and an antichain in 2n. Output is 
the length of the period and if desired the entire period. Note that all 
numbers are in octal notation. 
Antichain notation: {{a,b,c},{a,b,d},{c,d}} is printed ABC/ABD/CD/, 
• 1 . ,-, ; • ·1 l 
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THE. DJTIRE CYCLE7N 
ADDENDUM 
13 
Applying Ramsey's theorem M.M. Krieger has proved in [1] that for each 
n with 11 = N(3,4;2)+2 ~ n < N(4,4;3) there exists an antichain A e A(2n) 
with F2 (A) = A. By a result of Isbell [2] it is known that N(4,4;3) ~ 13. 
Furthermore, for each even n there exists an A E A(2n) with F2(A) = A. 
(If X = {0.1, ... k,k+l, ... ,2k}, then set 
A= {Y c xi IYI = k and IY n {l, ... ,k}I is even}). 
[ 1 J M.M. Krieger, On peI>mUtations of Antiehains in Boolean Zattiaes: 
An apptieation of Ramsey's TheoPem; preprint Computer Science 
Dept., University of California, Los Angeles •. 
[2] J.R. Isbell, "N(4,4;3) ~ 13", J. Oombinatorial Theory,.E,_ (1969) 210. 
